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A system of equations describing isotope exchange kinetics at heterogeneous 
solid surfaces (solid--liquid interfaces) is studied numerically. The theoretical 
kinetic curves, characterizing the isotope exchange, are calculated for different 
discrete distributions of the isotope exchange rate constant. 
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Isotopenaustauschkinetik an heterogenen FestkSrperoberfliichen ( Fest--fliissig 
GrenzJTiichen ) 

Ein die Kinetik des Isotopenaustausches an heterogenen Festk5rperfli~chen 
(fest~--fliissig Grenzfl~chen) beschreibendes Gleichungssystem wird einer nu- 
merischen Auswertung unterzogen. Die theoretischen kinetischen Kurven des 
Isotopenaustausches werden fiir verschiedene diskontinuierliehe Vcrteilungen 
der Isotopenaustausch-Gesehwindigkeitskonstante bereehnet. 

Introduction 

Isotope exchange kinetics in solution/solid systems have been 
studied in a f ragmentary fashion by assuming homogeneity of the solid 
surface 1-5. Recently Kosmulski etal .  6 summarized and compared 
different models of the isotope exchange phenomena occurring at 
liquid/solid interfaces. These models distinguish different steps of the 
isotope exchange process between bulk solution and solid phase. 

In this paper isotope exchange kinetics are discussed assuming 
heterogeneity of the solid surface. For  a discrete distribution of the 
isotope exchange rate constant, the kinetics of this phenomenon are 
described by a system of differential equations. The numerical solution 
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of this equation system gives kinetic curves characterizing the isotope 
exchange at the liquid/solid interface. Kinetic curves are calculated for 
different types of distributions to s tudy the influence of surface 
heterogeneity on the isotope exchange process. 

Theory 
Different models of heterogeneous isotope exchange have been 

discussed in the previous paper  °. In  one of these models the isotope 
exchange is represented by  the following quasi-chemical reactions: 

k i  

A*+A~.~-Ab+A* for i = 1,2 . . . . .  n (1) 
k - - i  

where A* and A denote the radioactive and inactive forms of the 
component  A, respectively; the subscript "b" refers to the bulk solution, 
the subscript " i "  to the component  A in the i- th surface state. I n  the 
further  considerations isotope effects are neglected and the concen- 
t ra t ion of A* is low. Therefore the equilibrium constant  of reaction (1) is 
uni ty for the rate  constant  k, = k_i. 

According to reaction (1) isotope exchange occurs only between the 
bulk solution and certain surface states without  any mediat ing pro- 
cesses. Absence of direct exchange between surface states is assumed. 
The kinetics of the heterogeneous isotope exchange occurring according 
to the reactions (1) m a y  be described by  the system of the following 
differential equations: 

0 [A~* k ~ [ A ~ [ A ~  A ~ = . .. - --k~[ i]*[Ab] f o r /  1.2, . ,n (2) 
3t 

where [A,], [A~] and [A~], [A~]* denote the concentrations of A and A* 
in the bulk solution and in the i-th surface state, respectively. Eq. (2) 
was solved by assuming: 

(a) the concentration of A is considerably greater than  tha t  of A* in 
the bulk phase and all surface states, i.e., 

[A~] >> [ A ~  and 
[A T >> [A~] * for i = 1, 2 . . . . .  n (3) 

(b) initial conditions: at t ime t = 0 the concentrations [A~]*and [ A ~  
are assumed to be equal to: 

[ A ~  = B (4) 
[ A ~ * 0  for i = 1,2 . . . . .  n (5) 

and the concentrations [Ab] and [A T are assumed to be equal to: 

[Ab] = cb and [A~ = c~ (6) 
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F o r  A* ( r ad ioac t ive  fo rm of  A) a t  t ime  t +we have:  
n 

( B - - E A ~ )  V = a ~ [g,~] * (7) 
i = 1  

where  V is t he  vo lume  of  t he  bu lk  so lu t ion  a n d  ~r is t he  surface  area .  The  
so lu t ion  of  t he  sy s t em of  equa t i ons  (2) w i th  the  in i t i a l  cond i t ions  (3)-(7) 
gives: 

( ] -e ' )  ~ ,  (s) 
B Vi=lTi  j = l  

where  r, a re  the  zeros of  t he  po lynomia l :  

(7 

V 

O" s (7 s O" s 

(7 s 
c k: + +  . . . .  = 0 (9) 

VC:k. 
a : a : 
~ c . k  . . . .  c~k. + ] c . k .  +r, 

F r o m  eq. (9) we o b t a i n  n va lues  of  r~, i.e., r~, r 2 . . . .  , r, .  F o r  a g iven  
va lue  of  r, t he  p a r a m e t e r s  ~j~ for  j = 1, 2, .  
so lv ing  the  s y s t e m  of  l inear  equa t ions :  

O~li(Cb]g 1 ~-VC:]gl-~?'g)~-(~2iVc:]~l -~- . 
(7 s 

+ ~ g k ~  = 0  

a =k2+~i  cbky+~cyk~+r  i + O~liVC 2 

+ ~ c y k  2 = 0  

., n -  l are  o b t a i n e d  b y  

• + c ~ _ l , i ~ c ~ k  1 + 

O" s 
. .  + ~_l,i~c2k2 + 

V 

(10) 

and  

Cb]~n_ I -~Cn_l]gn_lJCri -~- ~ ~ ; _ 1  ]~n_ l  = 0 

g , , = l  f o r i = l , 2 , . . . , n  (1l)  
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The parameters fl, are evaluated by solving the following equation 
system: 

n 

y 'e j~ f i ,=c~kj  f o r j = l , 2  . . . .  ,n (12) 
i = i  

Evaluat ing the parameters r~, ej~ and fii by means of eqs. (9), (10), and 
(12) for a given distribution of the isotope exchange rate constants, i.e., 
(k,, c~) for i = 1,2 . . . . .  n, we can calculate the kinetic curve [A~ vs. t, 
characterizing the isotope exchange process at liquid/solid interface. 

R e s u l t s  a n d  D i s c u s s i o n  

Equat ion (2) was solved by means of numerical methods using 
standard procedures for calculating zeros of polynomial and solving the 
linear equation system. The numerical results are presented as plots of 

lnlO -- I~  vs. time, where I denotes the activity of the solution, I o and 
/ --/~o 

Ioo denote the initial and equilibrium activities, respectively. The 

I°  - -  I v  is act ivi ty I is proportional to the concentration [A~.  ~ _ - - ~  reciprocal 

of 1 -  F, where F is the exchange fraction. Such representation is 
suitable for comparing isotope exchange kinetic curves over a wide range 
of time and for different rate constants of this process. For  the 
calculations presented below, the following assumptions were used: 

n 

a)  s fori=l,e,.. . ,nand Y f,=l 
i = l  

b) c ~ = l  
c) c~ = 1 

()- 
d) ~----1 

Under these assumptions, we have Ioo - - =  0.5. Table 1 presents the 
Io 

distributions of the isotope exchange rate constants used in the 
calculations. The distribution function of the exchange :rate constants is 
represented by n pairs of (k,, fi). There is no qualitative difference in the 
shape between kinetic curves for two distribution functions a and b [(kol, 

]Cb~ 
f~i); (k~,, riO], when - -  ---- const, and f,, -----fi, for i = 1, 2 , . . . ,  n. For  a 

/Ca~ 

homogeneous surface (n = l) the kinetic exchange curve is a straight line 
(curve a). I f  the minimum and maximum rate constants are not  far 
removed, the kinetic exchange curve for a heterogeneous surface 
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Table 1. Distributions of the isotope exchange rate constants used in model 
calculations 

Code of distribution ]cl fl k2 f2 k~ f~ 

a 3 1 
b 3 0.5 10 0.5 
c 3 0.5 20 0.5 
d 1 0.4 2 0.6 
e 1 0.2 2 0.3 10 0.5 
f 1 0.2 2 0.3 100 0.5 
g 1.5 0.4 5 0.1 10 0.5 
h 1.5 0.1 5 0.4 lO 0.5 
j 1 0.8 3 0.15 9 0.05 
k 1 0.5 3 0.3 9 0.2 
1 1 0.05 3 0.15 9 0.8 

m 1 0.2 3 0.3 9 0.5 
n 1 O.1 3 0.8 9 O.1 
o 1 0.25 3 0.5 9 0.25 

resembles a s t ra ight  line (e.g., Fig. 1, curve d). Moreover  in Fig. 1 the 
kinetic exchange curves for the dis t r ibut ions a, b and c are compared.  
For  d is t r ibut ion funct ions  e and  f three kinds of  surface sites were 
assumed (cf. Fig. 2). These results are compared  with the curve for 
d is t r ibut ion d (two kinds of  sites). No addi t ional  effects are expected for 
s tore  t h a n  three kinds of  surface sites. The curves b, c (Fig. 1) and e, f 
(Fig. 2) approach  s t ra igh t  lines for long exchange t imes t. The slopes of  
the  linear segments  of  b, c and e, f are less t h a n  the slopes of  a and  d, 
respectively.  E x t r a p o l a t i o n  of  l inear p a r t  of  curve f to t = 0 gives 
rough ly  the  exchange  f ract ion corresponding to full isotope exchange for 
the  sites character ized by  k = 100 and no exchange  for the remaining 
sites. However ,  for curves b, c and  e, ex t rapo la t ion  of  the linear par t s  to 
t = 0 leads to an overes t imate  of  the  f ract ion of  the fast  exchanging  sites. 

The slope of  the  isotope exchange curves at  t = 0 is given by: 

d l n I  ~r " 
limt -+ 0 dt  V ~ c~]ci (13) 

Eq. (13) makes  possible the eva lua t ion  of  ~ f , k ,  f rom the experi- 
menta l  data .  This possibi l i ty m a y  be prac t ica l ly  l imited by  the necessi ty 
of  measur ing  activit ies for ve ry  shor t  exchange  times. A second basic 
l imi ta t ion  of  in te rpre ta t ion  of  exper imenta l  d a t a  is due to the error of  
sample  collection and  of  ac t iv i ty  measurements .  Fig. 3 presents  the 
kinetic exchange curves for the d is t r ibut ion funct ions g and h. The 
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Fig. 1. Kinetic curves of heterogeneous isotope exchange for distributions a, b, c 
and d (of. Table 1) 
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Fig. 2. Kinetic curves of heterogeneous isotope exchange for distributions d, e 
and f (ef. Table 1) 

vert ical  bars denote  the range o f ln  I°  -- Ioo for In I°  -- Ioo _ 1,2, 3 and  4 

when the error of  measuremen t  of  I is __2%. I t  is seen t h a t  the 
exper imenta l  error is larger t han  the difference between curves g and  h, 
thus  prevent ing  an exper imenta l  decision between the two distributions.  

The range oflnlO---- Ioo due to the  exper imenta l  error is decreased when 
/ - - I ~  

I°° is decreased. 
Io 
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Fig. 3. Kinetic curves of heterogeneous isotope exchange for distributions g and 
h (of. Table 1) 
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Fig. 4. Kinetic curves of heterogeneous isotope exchange for distributions j, k, 1, 
in, n and o (ef. Table 1) 

An unexpected effect is observed by comparison of curves a and b. 
For  sufficiently long exchange time, the exchange fraction for distribu- 
tion a exceeds that  for distribution b. However, this effect has little 
practical meaning because of the experimental error (cf. Fig. 3). 

In the theory of physical adsorption on heterogeneous surfaces three 
main types of continuous distributions are usedT: decreasing exponent- 
ial distribution, increasing exponential distribution and normal distri- 
bution. I t  has been shown by C z a r n i e c k i  and J a r o n i e c  s tha t  main 
features of the continuous distributions may be well approximated by 
discrete distributions with three to five kinds of surface sites. Fig. 4 
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indicates tha t  for the decreasing exponential  distribution, the curve j 
corresponding to a sharper distribution lies below curve k corresponding 
to a f lat tened distribution. For  an increasing exponential  distribution, 
curve 1 corresponding to the sharper distribution, lies above the other 
one (curve In). Curves n and o present the typical  course of isotope 
exchange for two different normal  distributions, where curve n relates to 
a sharper distribution. 

The observed regularities coincide with the courses of the physical 
adsorption kinetic curves for part icular  types of the energy 
distributions s. 
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